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ABSTRACT
The binary neutron star (BNS) merger event GW170817 clearly shows that a BNS
merger launches a short Gamma-Ray Burst (sGRB) jet. Unlike collapsars, where the
ambient medium is static, in BNS mergers the jet propagates through the merger
ejecta that is expanding outward at substantial velocities (∼ 0.2c). Here, we present
semi-analytic and analytic models to solve the propagation of GRB jets through their
surrounding media. We also perform a series of 2D numerical simulations of jet propa-
gation in BNS mergers and in collapsars to test our models. Our models are consistent
with numerical simulations in every aspect (the jet head radius, the cocoon’s lateral
width, the jet opening angle including collimation, the cocoon pressure, and the jet-
cocoon morphology). The energy composition of the cocoon is found to be different
depending on whether the ambient medium is expanding or not; in the case of BNS
merger jets, the cocoon energy is dominated by kinetic energy, while it is dominated by
internal energy in collapsars. Our model will be useful for estimating electromagnetic
counterparts to gravitational waves.
Key words: gamma-ray: burst – hydrodynamics – relativistic processes – shock
waves – ISM: jets and outflows – stars: neutron – gravitational waves
1 INTRODUCTION
Observation of the gravitational wave signal from the binary
neutron star (BNS) merger event GW170817 by the Laser
Interferometer Gravitational-Wave Observatory (LIGO) and
the Virgo Consortium (LVC) [Abbott et al. 2017a], and
the follow-up observation campaign across the electromag-
netic (EM) spectrum marked the dawn of the era of multi-
messenger astronomy (Abbott et al. 2017b). One of the most
important findings was the association of GW170817 with
the prompt emission of the short Gamma-Ray Burst (sGRB)
sGRB 170817A ∼ 1.7 s after the GW signal (Abbott et al.
2017b). Clear evidences of a relativistic jet have also been ob-
tained from radio observations at later times (Mooley et al.
2018). As GRB observations show, relativistic jets are very
important in time-domain astronomy, especially because of
the EM emission over a wide spectrum (i.e., the prompt and
the afterglow emission).
This scenario, that the BNS merger powers a rela-
tivistic jet, was theoretically suggested for sGRBs in the
past (Paczynski 1986; Goodman 1986; Eichler et al. 1989).
Recent studies of numerical relativity show that after the
merger, a central engine is formed and is surrounded by
? E-mail: hamidani.hamid@yukawa.kyoto-u.ac.jp
∼ 10−3−10−2M of matter that has been ejected during the
merger, referred to as “the dynamical ejecta”, that expands
at a speed of ∼ 0.2c, where c is the light speed (Shibata
1999; Shibata & Uryu¯ 2000; Hotokezaka et al. 2013). Also,
later on (∼ 0.1− 10 s after the merger), matter gets ejected
from the torus surrounding the merger remnant in the form
of wind (Fujibayashi et al. 2018, 2020).
Multi-messenger observations of the BNS merger event
GW170817 indicates that the relativistic jet was launched
from the central engine within∼ 1.7 s after the merger (more
precisely, within ∼ 1.3 s after the merger according to Hami-
dani et al. 2020, see their Figure 9; within 0.4 s according to
Lazzati et al. 2020). Therefore, the jet must have propagated
through the dense surrounding medium (i.e., the dynami-
cal ejecta), and successfully broke out of it for the sGRB
170817A to be emitted (as it has been observed). This is be-
cause the jet outflow is not observable unless it propagates
up to the outer edge of the medium and eventually breaks
out of it; as it is the case for long GRBs, where the relativis-
tic jet propagates through the stellar envelope of a massive
star.
During its propagation, the jet continuously injects en-
ergy into the expanding ejecta material. This produces the
hot cocoon. The cocoon immediately surrounds the jet, in-
teracts with it, and collimates it. Although this phase, where
c© 2019 The Authors
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the jet is confined inside the ejecta, is short, it is critical, as it
shapes the jet (and the cocoon) structure (see Gottlieb et al.
2020). After the breakout, the jet (and the cocoon) is the
source of different EM counterparts over a wide band, and
it is the key to interpreting them (Nakar & Piran 2017; Laz-
zati et al. 2017b; Gottlieb et al. 2018a; Lazzati et al. 2018;
Piro & Kollmeier 2018; Nakar et al. 2018; Ioka & Naka-
mura 2018; etc.). Also, this connection between the jet and
the EM counterparts allows us to make use of observational
data to extract crucial information and better understand
the phenomenon of sGRBs (e.g., the jet angular structure,
Troja et al. 2019; Takahashi & Ioka 2020; the property of
the jet outflow, Ioka & Nakamura 2019; the central engine,
Gill et al. 2019; Hamidani et al. 2020; Lazzati et al. 2020;
Salafia & Giacomazzo 2020; the physics of neutron density
matter, Lazzati & Perna 2019; the viewing angle, Nakar &
Piran 2020; etc.). Therefore, the jet propagation through
the ejecta surrounding the BNS merger remnant, until the
breakout, is a key process in sGRBs (as it is in collapsars
and long GRBs).
The propagation of astrophysical jets through dense
ambient media has been the subject of intensive theoreti-
cal works; mostly, in the context of Active Galactic Nuclei
(AGNs) and collapsars (Begelman & Cioffi 1989; Mart´ı et al.
1997; MacFadyen & Woosley 1999; Matzner 2003; Bromberg
et al. 2011; Mizuta & Ioka 2013; Harrison et al. 2018; etc.).
One critical difference in the context of BNS mergers is that
the ambient medium expands at substantial velocities (Ho-
tokezaka et al. 2013), while it is static in AGNs and collap-
sars (MacFadyen & Woosley 1999). This further complicates
the problem of modeling the jet propagation in BNS merg-
ers.
There have been an increasing number of studies ded-
icated to solving jet propagation in BNS mergers through
numerical simulations, especially after the discovery of
GW170817 (Nagakura et al. 2014; Murguia-Berthier et al.
2014; Duffell et al. 2015; Bromberg et al. 2018; Duffell et al.
2018; Lazzati et al. 2017b; Gottlieb et al. 2018a; Gottlieb
et al. 2018b; Xie et al. 2018; Nathanail et al. 2020; Gottlieb
et al. 2020; etc.). However, the subject is still far from being
well understood.
Using ideas from the modeling of the jet-cocoon in col-
lapsars (e.g., Bromberg et al. 2011; Mizuta & Ioka 2013; Har-
rison et al. 2018), several studies presented analytic model-
ing of the jet-cocoon in an expanding medium (Lazzati et al.
2017a; Margalit et al. 2018; Duffell et al. 2018; Matsumoto &
Kimura 2018; Gill et al. 2019; Salafia et al. 2020; Hamidani
et al. 2020; Lyutikov 2020; Beniamini et al. 2020; etc.). Al-
though some of these works offer promising results, many of
them overlooked important aspects, such as the jet collima-
tion, the expansion of the ejecta and its effect on the cocoon
(e.g., on the cocoon pressure and on the cocoon radius), etc.
And still, there is no analytic model for the jet propagation
in an expanding medium that is simple to use, and robust
at the same time (which is necessary to investigate other
related topics, such as the emission from the cocoon).
The aim of our work is to present a physical model that
accurately describes the jet-cocoon system in an expanding
medium, in consistency with numerical simulation. A cru-
cial point in our study is that our modeling is based on
rigorous analysis of the jet-cocoon system in numerical sim-
ulations (in both expanding and static media), which shows
that the expansion of the medium does intrinsically affect
the jet-cocoon (e.g., the energy composition of the cocoon,
the expansion velocity of the cocoon, etc.). We show that
the jet-cocoon system, in an expanding medium, can be de-
scribed by a set of equations that can be solved numerically
(referred to as the “semi-analytic” solution). We also show
that, with some reasonable approximations, the system of
equations can be simplified and solved analytically (the “an-
alytic” solution). Both solutions are rigorously compared to
the results from the numerical simulations and found con-
sistent.
This paper is organized as follows. In Section 2, phys-
ical modeling of the jet-cocoon system in both expanding
and static media is presented, and two (semi-analytic and
analytic) solutions are derived. In Section 3, numerical sim-
ulations are presented and compared to both solutions. A
conclusion is presented in Section 4.
2 THE JET-COCOON PHYSICAL MODEL
The jet-cocoon model presented here is an upgrade of previ-
ous models, in particular in Bromberg et al. (2011); Mizuta
& Ioka (2013); Harrison et al. (2018); Hamidani et al. (2020);
etc. Unlike previous models, this model allows us to treat the
jet collimation by the cocoon in expanding media. Therefore,
this model can be applied not only to the case of collapsar
jets (where the jet propagates through the static stellar en-
velope of a massive star) but also to the case of BNS merger
jets (where the jet propagates through the expanding dy-
namical ejecta).
2.1 Jump conditions
The jet head dynamics in a dense ambient medium can be
determined by the shock jump conditions at the jet’s head
(e.g., Begelman & Cioffi 1989; Mart´ı et al. 1997; Matzner
2003):
hjρjc
2(Γβ)2jh + Pj = haρac
2(Γβ)2ha + Pa, (1)
where h, ρ, Γ = (1 − β2)−1/2, and P are enthalpy, density,
Lorentz factor (with β being the velocity normalized by the
light speed), and pressure of each fluid element, all measured
in the fluid’s rest frame. The subscripts j, h, and a refer to
three domains: the relativistic jet, the jet head, and the cold
ambient medium, respectively. Typically, both Pa and Pj in
equation (1) are negligible terms; hence, we can write the
jet head velocity as (for more details see Ioka & Nakamura
2018; Hamidani et al. 2020):
βh =
βj − βa
1 + L˜−1/2
+ βa, (2)
where L˜ is the ratio of energy density between the jet and
the ejecta, L˜ =
hjρjΓ
2
j
haρaΓ2a
, which can be approximated as:
L˜ ' Lj
Σj(t)ρac3Γ2a
, (3)
where Lj is the (true) jet luminosity (per one jet), Σj(t) =
piθ2j (t)r
2
h(t) is the jet head cross section, with rh(t) being the
jet head radius [rh(t) =
∫ t
t0
βhdt + r0], and θj(t) being the
jet opening angle (Matzner 2003; Bromberg et al. 2011).
MNRAS 000, 1–15 (2019)
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2.2 Main approximations
Here, in our analytic modeling, we consider a similar set of
approximations to that in Hamidani et al. (2020). In sum-
mary:
(i) The analytic treatment presented here is limited to the
case of a non-relativistic jet head where:
L˜ (1− βa)2. (4)
(ii) In the case of BNS mergers, the ambient medium (of-
ten referred to as “the ejecta”) is defined as the medium
surrounding the central engine through which the jet prop-
agation takes place; regardless of whether this inner region
is gravitationally bound to the central engine or not. Hence,
for simplicity, the total mass of the ambient medium, Ma, is
defined by the ambient medium’s density through which the
jet head propagates ρa(r, t) [i.e., in the polar direction]
1:
Ma =
∫ rm(t)
r0
4pir2ρa(r, t)dr, (5)
where r0 is the inner boundary of the ambient medium,
which is of the order of 106− 107 cm, and rm(t) is the outer
radius of the ambient medium. This definition of Ma is also
used for the collapsar case.
(iii) In the case of an expanding medium (BNS merger),
the approximation of a homologous expansion is used (see
Figure 8 in Hamidani et al. 2020). Hence, the radial velocity
of the ambient medium as a function of radius r and time t
is approximated as:
va(r, t) =
[
r
rm(t)
]
vm, (6)
with rm(t) being the outer radius of the ambient medium,
and vm being the maximum velocity of the ambient medium
at the radius rm(t). In the case of collapsars, the velocity is
negligible, i.e., vm = 0.
(iv) The ambient medium’s density profile is approxi-
mated to a power-law function, with “n” being its index.
Hence, considering the homologous expansion of the ambi-
ent medium, the density can be written as:
ρa(r, t) = ρ0
[r0
r
]n [ rm,0
rm(t)
]3−n
, (7)
where ρ0 = ρa(r0, t0) =
[
Ma
4pirn0
] [
3−n
r3−nm,0 −r
3−n
0
]
, and rm,0 =
rm(t0), with t0 being the jet launch time. This expression is
simpler in the collapsar case, where rm(t) = rm,0 (≡ rm).
Also, the value n = 2 is assumed for the density profile of
the ambient medium, for both the BNS merger case and the
collapsar case. It should be noted that this is a simplification
as, ideally, n ∼ 2 − 3.5 in the BNS merger case (see Figure
8 in Hamidani et al. 2020), and n ∼ 1.5− 3 in the collapsar
case (see Figure 2 in Mizuta & Ioka 2013). Also, it should be
noted that the analytic modeling presented here is limited
1 Note that, in the case of BNS mergers, the density throughout
the ejecta is angle dependent, with the density in the polar region
being much lower than that near the equatorial region (see Figure
8 in Hamidani et al. 2020). This results in a mass, Ma, of ∼
0.002M for a typical BNS merger event (for more details see
Hamidani et al. 2020).
for the case n < 3 (Bromberg et al. 2011; Hamidani et al.
2020).
(v) The pressure in the cocoon, Pc, is dominated by ra-
diation pressure. Hence, it can be written as:
Pc =
Ei
3Vc
, (8)
where Ei is the cocoon’s internal energy and Vc is the co-
coon’s volume.
(vi) Based on rigorous analysis of the cocoon in numerical
simulations, we suggest that the cocoon’s shape is better ap-
proximated to an ellipsoidal (see Hamidani et al. 2020; also
see Figure 5 below); where the ellipsoid’s semi-major axis
and semi-minor axis at a time t are 1
2
rh(t) and rc(t), respec-
tively, with rc(t) being the cocoon’s lateral width (from the
jet axis) at the radius 1
2
rh(t) [see also equation (16)]. Hence,
the volume of the cocoon (in one hemisphere) can be written
as:2
Vc =
2pi
3
r2c(t)rh(t). (9)
Note that this presents one of the differences compared to
previous works – typically assuming a cylindrical cocoon
shape (e.g., Bromberg et al. 2011; Mizuta & Ioka 2013;
Salafia et al. 2020).
(vii) As previously explained in Mizuta & Ioka (2013),
and more rigorously in Harrison et al. (2018), the analytic
description of L˜ in equation (3) needs to be calibrated by
numerical simulations. The parameter Ns is introduced to
calibrate the analytic value of L˜ so that:
L˜c = N
2
s L˜, (10)
where L˜c is the calibrated counterpart of L˜. Here, the value
of Ns for the analytic (or semi-analytic) solution is chosen
so that the analytic (or semi-analytic) breakout time is cal-
ibrated to the breakout time measured in numerical simula-
tions (see Table 1).
Following the introduction of the calibration coefficient
Ns, L˜ is substituted by L˜c in equation (2), and with βj ' 1,
the jet head velocity can be written as:
βh =
[
(1− βa)(1 + L˜1/2c )−1
]
L˜1/2c + βa, (11)
where L˜c can be found from equations (3) and (10). Given
the jet luminosity Lj , the ambient medium’s velocity βa
[= va(r, t)/c; see equation (6)], and the density ρa(r, t) [see
equation (7)], the only unknown quantity for L˜c (i.e., βh)
to be determined is the jet head cross-section Σj(t). The
jet head opening angle θj(t); and hence Σj(t); will be deter-
mined in Section 2.3 by considering the collimation of the
jet by the cocoon.
The jet head velocity [i.e., βh in equation (11)] will be
solved in two different ways: Semi-analytically and analyti-
cally (details are given in Sections 2.4 and 2.5, respectively).
In the semi-analytic solution, the expression of βh in equa-
tion (11) is used as it is, and is solved through numerical
integration. In the analytic solution, the above expression of
2 Ideally, the jet volume should be subtracted from the above
expression of Vc to give a more accurate expression of the cocoon
volume. However, as long as the jet opening angle is not very
large (as it is the case here), the jet volume can be neglected.
MNRAS 000, 1–15 (2019)
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βh is further approximated so that it is solved analytically
(see Section 2.5.1).
2.3 The cocoon and jet collimation
2.3.1 The system of equations
We follow the same treatment of Bromberg et al. (2011).
The unshocked jet’s height zˆ can be written as a function of
the jet luminosity Lj and the cocoon’s pressure Pc:
zˆ =
√
Lj
picPc
+ z∗. (12)
With rin being the radius at which the jet is injected into the
medium, z∗ = max[rin, z(Pc = Pj0)] is the radius at which
the pressure of the injected jet and the pressure of the cocoon
are balanced; beyond z∗ the pressure of the cocoon is higher
than the pressure of the injected jet (Bromberg et al. 2011).
In our simulations, z∗ is typically of the same order of rin,
hence, for simplicity, we take z∗ ≈ rin.
At a certain time t, the jet is uncollimated if the jet
head’s radius, rh(t), is below zˆ/2, and collimated if it is
beyond zˆ/2 (see Figure 2 in Bromberg et al. 2011). Hence,
the jet head’s cross-section can be found for the two modes
as follows:
Σj(t) =
{
pir2h(t)θ
2
0 if rh(t) < zˆ/2 (uncollimated jet),
pir2h(t)θ
2
j (t) if rh(t) > zˆ/2 (collimated jet),
(13)
where θ0 is the initial opening angle of the jet
3, and θj(t) is
the opening angle of the jet head at a given time t.
Since the cocoon shape is approximated to an ellipsoidal
[see (vi) in Section 2.2], rc(t) is the cocoon’s lateral width
at the radius 1
2
rh(t). rc(t) is determined by integrating the
lateral velocity, β⊥, with which the cocoon expands into the
ambient medium at the radius
√
[rh(t)/2]2 + r2c(t) ≈ 12rh(t)
[since rh(t) rc(t); see Figures 2, 3, and 5]. At this radius,
since the ambient medium’s velocity va(rh/2) is 6 vm/2,
and considering the value of vm (see Table 1), Γa(rh/2) is
≈ 1 and a non-relativistic treatment is reasonable. β⊥ is
therefore determined by the ram pressure balance between
the cocoon and the ambient medium at the radius 1
2
rh(t),
giving:
Pc ≈ ρa(rh/2, t)c2[β⊥ − βa,⊥]2, (14)
where βa,⊥ is the ambient medium’s expansion velocity [see
equation (6)] in the lateral direction:
βa,⊥ =
[
rc(t)
rm(t)
]
vm
c
. (15)
In summary, the equations describing the jet-cocoon system
3 The initial opening angle is given by θ0 ≈ θinj + 1/Γ0 where
θinj is the opening angle of the injected jet at t = t0 and r = rin,
and Γ0 is its initial Lorentz factor.
can be found as follows:
drc(t)
dt
=cβ⊥, (16)
β⊥ =
√
Pc
ρa(rh/2, t)c2
+
[
rc(t)
rm(t)
]
vm
c
, (17)
Pc =
Ei
3 Vc
= η
Lj (1− 〈βh〉) (t− t0)
2pir2c(t)rh(t)
, (18)
Σj(t) =pir
2
h(t)θ
2
j (t) =
Ljθ
2
0
4cPc
, (19)
where Pc and Vc are defined as in equations (8) and (9),
respectively; and 〈βh〉 = 1c rh(t)−r0t−t0 is the time-averaged jet
head velocity, which is a term that takes into account the
fact that a part of the injected energy [= Lj〈βh〉(t − t0)]
is contained in the jet and does not make its way into the
cocoon instantly. The last equation (19) is determined by
the pressure balance between the post-collimated jet and
the cocoon (Bromberg et al. 2011).
The expression of β⊥ [and eventually rc(t) =
∫ t
t0
β⊥dt+
r0θ0] here is different from the original collapsar case where
the medium is static (Bromberg et al. 2011; Harrison et al.
2018); it is instead applicable to both the case of static
medium and the case of expanding medium. The term[
rc(t)
rm(t)
]
vm
c
in equation (17) is new and is the result of the ho-
mologous expansion of the medium. It is worth mentioning
that the term
[
rc(t)
rm(t)
]
vm
c
is far more dominant (in β⊥) over
the term
√
Pc
ρa(rh/2,t)c
2 in the case of an expanding medium
as in BNS mergers, and hence it is important.
2.3.2 The parameters η and η′
η in equation (18) is a parameter that expresses the fraction
of internal energy in the total energy delivered into the co-
coon (by the engine and through the jet) at a given time t
(Bromberg et al. 2011; Mizuta & Ioka 2013). It takes values
between 0 and 1, and it can be expressed as:
η =
3PcVc
Lj (1− 〈βh〉) (t− t0) , (20)
with Ei = 3PcVc [see equation (8)]. For convenience, we
define the parameter η′ = η[1− 〈βh〉]; it relates to the frac-
tion of internal energy in the cocoon out of the total energy
delivered by the central engine, at a given time t. Hence:
η′ =
3PcVc
Lj (t− t0) . (21)
η and η′ can be easily deduced from numerical simulations
by measuring both Pc and Vc, or by measuring the internal
energy in the cocoon Ei. In Section 3.2, using numerical
simulations’ results, we will show that, on average, 〈η′〉 ∼
1/2 for the collapsar case, and 〈η′〉 ∼ 1/4 for the BNS merger
case [see Figure 1 and equation (53)], where:
〈η′〉 = 1
tb − t0
∫ tb
t0
η′dt. (22)
These fiducial values will be adopted to solve the jet head
motion (see Table 1).
MNRAS 000, 1–15 (2019)
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2.4 The semi-analytic solution
Here, the system of equations [equations (3), (10), (11), (12),
(13), (16), (17), (18), and (19)] is solved though numerical in-
tegration. At every time step, the time is updated (from t to
t+dt, where dt is sufficiently small). The density ρa(rh/2, t)
in equation (17) is calculated using equation (7). Then, using
equation (18) the pressure is calculated; the parameter η′ [as
defined in equation (21)] is represented by its time-averaged
value 〈η′〉 [see equation (22)] as measured in numerical sim-
ulations (see Table 1 for the values of 〈η′〉 used). Next, β⊥
is derived using equation (17). The jet head’s cross-section
and opening angle are found by calculating zˆ first, using (12),
and then determining the collimation mode and the opening
angle of the jet, using equation (13) together with equation
(19). L˜c is then calculated using equations (3) and (10). Fi-
nally, at the end of each time step, the jet head radius rh(t),
the cocoon’s lateral width rc(t), and the cocoon’s volume Vc,
for the next time step are calculated using equations (11),
(16) and (9), respectively. These processes are repeated until
the jet breaks out of the ambient medium [i.e., the following
condition is met: rh(t) > rm(t)].
2.5 The analytic solution
Here, the system of equations (3), (10), (11), (13), (16), (17),
(18), and (19) [in Sections 2.1, 2.2, and 2.3] is simplified using
several additional approximations, and then solved analyti-
cally.
In summary, the jet head’s velocity [equation (11)] is
simplified to equation (23), which can be written as a func-
tion of t, rh(t), and θj(t) using equations (3), (10), and (13)
[see Section 2.5.1]. The expression of the cocoon’s lateral
width, rc(t), is simplified from equation (16) to equation
(30) [〈χ〉 can be found with equations (26) and (28); see
Section 2.5.2], and with equation (32) the expression of the
cocoon pressure, Pc, is derived analytically in Section 2.5.3
[in equation (34) as a function of t and rh(t)]. Next, equation
(19) is used to find the analytic expression of the jet open-
ing angle θj(t) [equation (35) as a function of rh(t) and t],
which allows us to derive an analytically solvable equation
of motion of the jet head [equation (36)], and to determine
the solution, rh(t), as a function of the initial parameters
and t (see Section 2.5.4).
The same logic can be used in the collapsar, and the
equation of motion of the jet head can be found accordingly
[equation (46); see Section 2.5.5].
For reference, Table 1 presents a summary of the rele-
vant parameters and the values they take.
2.5.1 Approximated jet head velocity βh
In the analytic solution, two additional approximations are
used for the jet head velocity. Firstly, in the case of BNS
mergers where the medium is expanding (i.e., Γa > 1), the
term 1
Γ2a
in the expression of L˜c in equation (3) is considered
as constant and is absorbed intoNs. Secondly, in the analytic
solution, the term
[
(1− βa)(1 + L˜1/2c )−1
]
in equation (11)
is also approximated as, roughly, constant over time and is
also effectively absorbed into the calibration coefficient Ns.
The result is the following expression:
βh ≈ L˜
1
2
c + βa. (23)
In the case of BNS mergers, and for typical parameters (βa ∼
0.2 and L˜c ∼ 0.1–0.4), these approximations would result in
a factor of ∼ 0.5 being absorbed in Ns (values of Ns are
given in the caption of Table 1). In the case of collapsars
(βa = 0) the above expression is even simpler [see equation
(45) in Section 2.5.5], and this approximation results in a
factor of ∼ 0.7 being absorbed in Ns.
Harrison et al. (2018) showed that Ns depends on the
actual value of L˜ (i.e., L˜c), but overall Ns ∼ 0.3−0.4 for the
case of a non-relativistic collapsar jet. As a remark, since
Ns here is used to absorb the above two approximations, its
value differs depending on the type of the jet (BNS merger
case or collapsar case) and on the type of the solution (semi-
analytic or analytic; see Sections 2.4 and 2.5). Even for the
case of a collapsar jet, the values of Ns here do differ slightly
from those in Harrison et al. (2018) [see the caption of Table
1 for the values of Ns]. This is because additional difference
in Ns emerges as a result of the difference in the analytic
modeling (e.g., difference in cocoon shape compared to Har-
rison et al. 2018).
2.5.2 The approximated cocoon’s lateral width rc
Here, the expression of rc(t) is simplified based on approxi-
mation that the term
√
Pc
ρa(rh/2,t)c
2 in the expression of β⊥
[in equation (17)] is considered as roughly constant over
time. This approximation is justified later by comparison
with numerical simulations. This allows us to write equa-
tion (16) as:
drc(t)
dt
+
[
− vm
rm(t)
]
rc(t) =
√
Pc
ρa(rh/2, t)
. (24)
This is integrated, with rc(t = t0) being very negligible, as
rc(t) ≈ χ(t)
√
Pc
ρa(rh/2, t)
(t− t0), (25)
where χ(t) is given by:
χ(t) =
rm(t)
rm(t)− rm,0 ln
[
rm(t)
rm,0
]
≈ t− tm
t− t0 ln
[
t− tm
t0 − tm
]
,
(26)
with tm being the time of the merger in the case of BNS
mergers. The value of χ(t) in BNS mergers depends on the
time since the merger, the time since the jet launch, and the
time delay between the merger and the jet launch. Typically
χ(t) is found to take values as follows (also, see Table 1 for
the average values):
χ(t)
{
= 1 if βa = 0 (Collapsar case),
∼ 1− 2 if βa ∼ 0.2− 0.3 (BNS merger case).
(27)
Since χ(t) ∝ ln t, its evolution over time is very limited.
Therefore, in order to further simplify the expression of rc(t),
we consider the time-averaged value of χ(t):
〈χ〉 = 1
tb − t0
∫ tb
t0
χ(t)dt, (28)
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so that rc(t) is simplified to:
rc(t) ≈ 〈χ〉
√
Pc
ρa(rh/2, t)
(t− t0). (29)
See Table 1 for the typical values of 〈χ〉.
When deriving the breakout time tb, 〈χ〉 and tb depend
on each other [see equation (44) for the expression of tb,
with A1 ∝ 1/
√〈χ〉 as in equation (39)]. However, this de-
pendency is very weak, and small variation in the value of
tb hardly affects the value 〈χ〉. Therefore, both tb and 〈χ〉
can be determined iteratively 4.
2.5.3 The system of equations and the analytic solution
The system of equations (16), (17), (18), and (19) can be
simplified to the following:
rc(t) ≈〈χ〉
√
Pc
ρa(rh/2, t)
(t− t0), (30)
β⊥ =
√
Pc
ρa(rh/2, t)c2
+
[
rc(t)
rm(t)
]
vm
c
, (31)
Pc =
Ei
3 Vc
= 〈η′〉 Lj (t− t0)
2pir2c(t)rh(t)
, (32)
Σj(t) =pir
2
h(t)θ
2
j (t) =
Ljθ
2
0
4cPc
. (33)
From equation (7), ρa(rh/2, t) can be found. Then, replacing
rc(t) in equation (32), and using rh(t) r0 and rm,0  r0,
Pc can be written as:
Pc =
√
〈η′〉
〈χ〉2
(3− n)LjMa
23−n pi2(t− t0)
rn−3m (t)
rn+1h (t)
. (34)
Finally, substituting equation (34) in equation (33) gives the
expression of the opening angle of the collimated jet as:
θj(t)
θ0
=
[ 〈χ〉2
〈η′〉
Lj
Mac2
1
(3− n)2n+1
] 1
4
[
rh(t)
rm(t)
]n−3
4
[t− t0] 14 .
(35)
Notice the weak dependence of the jet opening angle on
time, which has already been pointed out in Hamidani et al.
(2020).
The opening angle of the jet depends on the two pa-
rameters 〈χ〉 and 〈η′〉. In the BNS merger case, the ratio
〈χ〉2/〈η′〉 can take values up to ∼ 10; hence, these two pa-
rameters are important and should not be overlooked.
The expression of Pc and θj(t) [equations (34) and (35)]
is valid for both a BNS merger jet case and a collapsar jet
case [where, rm(t) ≡ rm and 〈χ〉 = 1].
4 Initially, a typical value is assumed for tb and 〈χ〉 based on a
guess on tb which can be guided by numerical simulations. Then
tb is found using equation (44) and a new value of 〈χ〉 is found by
inserting tb in equation (28). This new value of 〈χ〉 results in a
slightly different tb, which is used again (to find a more accurate
〈χ〉). This process is repeated ∼ 2− 3 times until the values of tb
and 〈χ〉 converge.
2.5.4 Analytic solution for the BNS merger case
The jet head velocity [equation (23)] with equations (3),
(6), (7), (10), and (35), with further simplifications, gives
the following differential equation:
drh(t)
dt
+
[
− vm
rm(t)
]
rh(t) = A(t) rm(t)
3−n
2 rh(t)
n−2
2 , (36)
where:
A(t) = Ns
√√√√( r3−nm,0 − r3−n0
(3− n) r3−nm,0
)(
4 Lj
θ20Ma c
)
×
[
θ0
θj(t)
]
. (37)
The jet is initially uncollimated until the jet head’s radius,
rh(t), crosses the radius zˆ/2 [see equation (13)]. Since this
initial phase is very short (relative to the jet propagation
timescale until the breakout; see Figure 2), we consider as
if the jet is in the collimated mode from the start (t = t0).
Therefore, the jet opening angle can be found using equation
(35), and after inserting it in the expression of A(t) [equation
(37)], the equation of motion [equation (36)] can be found
as:[
rh(t)
rm(t)
] 5−n
4
= A1
5− n
4
∫
r−3/4m (t)[1− rm,0/rm(t)]−1/4dt,
(38)
where A1, a constant, can be found as follows:
A1 =Ns
[ 〈η′〉
〈χ〉2
] 1
4
[(
r3−nm,0 − r3−n0
r3−nm,0
)2
2n+5
3− n
Lj vm
θ40Ma
] 1
4
, (39)
≈Ns
[ 〈η′〉
〈χ〉2
] 1
4
[
2n+5
3− n
Lj vm
θ40Ma
] 1
4
. (40)
In the case where the delay between the merger time and the
jet launch time, t0−tm, is significantly smaller in comparison
to the breakout time tb − tm: t0 − tm  tb − tm, we have
rm(t)  rm,0, hence the following approximation can be
made:5∫
r−3/4m (t)[1− rm,0/rm(t)]−1/4dt '
∫
r−3/4m (t)dt. (41)
With the boundary conditions rm(t0) = rm,0 and rh(t0) =
r0 at t = t0, the integration gives:
rh(t) =
{
(5− n)A1
vm
(r
1
4
m(t)− r
1
4
m,0) +
[
r0
rm,0
] 5−n
4
} 4
5−n
rm(t).
(42)
The jet head velocity can be deduced from equation (42) as:
vh(t) = vm
[
rh(t)
rm(t)
]
+A(t)
[
rh(t)
rm(t)
]n−2
2
[rm(t)
1
4 (rm(t)−rm,0) 14 ].
(43)
5 The approximation [1 − rm,0/rm(t)] ≈ 1 is not good in the
early phase of jet propagation where rm,0 ' rm(t). Still, since
this early phase’s timescale is very short (relative to the whole
jet propagation timescale; see Figure 2) this approximation is
reasonable as long as tb − tm  t0 − tm.
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Finally, the breakout time can be derived by taking
rh(tb)/rm(tb) = 1 in equation (42):
tb−t0 =
{
v
3
4
m
(5− n)A1
[
1−
[
r0
rm,0
] 5−n
4
]
+
(
rm,0
vm
) 1
4
}4
−rm,0
vm
.
(44)
2.5.5 Analytic solution for the collapsar case
This case is a special case from the previous one (in Sec-
tion 2.5.4) where vm = 0 [i.e., the ambient medium is static:
βa = 0, χ(t) = 1 and rm(t) ≡ rm]. Therefore, the equation
of motion [equation (11)], after being approximated to equa-
tion (23) (see Section 2.5.1), can be further simplified to the
following:
βh ≈ L˜
1
2
c . (45)
Hence, the equation of motion for the jet head can be found
as:
drh(t)
dt
= A(t) rm
3−n
2 rh(t)
n−2
2 , (46)
where A(t) here is:
A(t) = Ns
√(
r3−nm − r3−n0
(3− n) r3−nm
)(
4 Lj
θ20Ma c
)
×
[
θ0
θj(t)
]
, (47)
which is the same expression as in equation (37) [where here
rm,0 ≡ rm]. As in Section 2.5.4, the initial uncollimated
phase is overlooked for simplicity. Then the expression of
θj(t)/θ0 can be found using equation (35) [with rm(t) =
rm in the collapsar case]. Inserting θj(t)/θ0 in the above
expression of A(t) [equation (47)], integrating equation (46),
and using the boundary condition rh(t0) = r0, gives the
following expression for the jet head radius:
rh(t) =
{
(5− n)A′1
3
(t− t0) 34 +
[
r0
rm
] 5−n
4
} 4
5−n
rm, (48)
and the jet head velocity:
vh(t) = A
′
1rm
{
(5− n)A′1
3
(t− t0) 34 +
[
r0
rm
] 5−n
4
}n−1
5−n
(t−t0)− 14 ,
(49)
where A′1 is a constant that can be written as:
A′1 =Ns
[ 〈η′〉
〈χ〉2
] 1
4
[(
r3−nm − r3−n0
r4−nm
)2
2n+5
3− n
Lj
θ40Ma
] 1
4
, (50)
≈Ns
[ 〈η′〉
〈χ〉2
] 1
4
[
1
r2m
2n+5
3− n
Lj
θ40Ma
] 1
4
. (51)
The breakout time can be found for rh(tb) = rm as:
tb − t0 =
{
3
(5− n)A′1
[
1−
(
r0
rm
) 5−n
4
]} 4
3
. (52)
3 COMPARISON WITH NUMERICAL
SIMULATIONS
3.1 Numerical simulations
In addition to the analytic (and semi-analytic) modeling
presented above, we carried out a series of 2D relativistic
hydrodynamical simulations. In total, the series includes a
total of over a hundred models covering a wide parameter
space (see Table 1 in Hamidani et al. 2020). The essential
aim of carrying out numerical simulations here is to test the
semi-analytic (Section 2.4) and the analytic (Section 2.5)
solutions, and calibrate them if necessary. These tests and
calibrations are presented for both, the case of BNS merger
jet, and the case of collapsar jet.
We pick up four models, as a subsample, out of our
sample of numerical simulations. As presented in Table 1,
two out of four are BNS merger models, with different ini-
tial opening angles (T03-H and T13-H); and the other two
are collapsar models, with different initial opening angles as
well (A and B). The parameters of the stellar envelope in
collapsar simulations (models A and B) follows the widely
used model 16TI in Woosley & Heger (2006). However, for
simplicity, the density profile is approximated to a power-law
function with an index n = 2 [see (iv) in Section 2.2]. This al-
lows the analytic results to be tested fairly with simulations.
Details about the numerical code are presented in Hamidani
et al. (2017). For more information about the setup of the
numerical simulations, refer to Section 3.1 in Hamidani et al.
(2020).
3.2 Measurement of the internal energy in the
cocoon and η′
Figure 1 shows the time evolution of the fraction of internal
energy in the cocoon Ei/Ec, and the two parameters η and
η′ [previously defined in equations (20) and (21); see Section
2.3.2], from the jet launch time (t = t0) to the jet breakout
time (t = tb), as measured from numerical simulation
6. For
comparison, both the case of collapsar jet and the case of
BNS merger jet are shown. In the collapsar jet case (model
A and B), the fraction of internal energy in the cocoon,
Ei/Ec, is high (∼ 0.7− 0.8). The values of η and η′ (in the
range ∼ 0.5 − 1) are also high. On the other hand, in the
BNS merger jet case (model T03-H and T13-H), where the
medium is expanding, the values of Ei/Ec, η, and η
′ are
significantly lower (< 0.5).
This contrast is related to the adiabatic expansion of the
cocoon, which is very effective in the case where the medium
is expanding; as the medium’s expansion velocity (i.e., the
dynamical ejecta’s radial velocity) is comparable to the jet
head velocity, up to the breakout time, this expansion en-
hances the volume of the (over-pressurized) cocoon signifi-
cantly, while depleting its internal energy. Through this pro-
cess, in the BNS merger case, the inner region of the cocoon,
where initially the density is high and the expansion veloc-
ity is small, is propelled further outward within the cocoon,
6 The data was deduced by measuring Ei (or the cocoon pressure
Pc as presented in Figure 4, combined with the total volume of
the cocoon Vc), the total energy contained in the cocoon Ec, and
the jet head radius [rh(t) or 〈βh〉], all from numerical simulations.
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up to velocities of the order of the homologous expansion of
the medium, gaining kinetic energy at the expense of inter-
nal energy. Note that in the collapsar case, the same process
happens but to a lesser extent; the inner cocoon is propelled
outward, but as a result of the initially static medium, the
gained velocity (and fraction of kinetic energy) is much less
significant.
Another reason is the high jet head velocity (〈βh〉) in
the BNS merger jet case (roughly ∼ 2vm/c; see Ioka & Naka-
mura 2018), implying that the fraction of the injected energy
that reaches the cocoon [∝ (1−〈βh〉)] is less significant [rel-
ative to the case of a collapsar jet; see equation (A2)]. For
more details refer to Appendix A.
To our best knowledge, this is the first time that the
fraction of internal energy of the cocoon, and the parameter
η (and η′), has been measured (from simulations), and such
a significant difference, between the case of collapsar jet and
the case of BNS merger jet, has been found. The parameter
η has been discussed in the literature in the case of collap-
sar jets, and it has been suggested to take a value of ∼ 1
(e.g., in Bromberg et al. 2011). Our results show that this
assumption is quite reasonable. On the other hand, several
recent works naively assumed the same value, η ∼ 1, for the
case of BNS merger jet (e.g., Matsumoto & Kimura 2018;
Gill et al. 2019; Salafia et al. 2020). Here, we show that such
assumption is not reasonable by a factor of ∼ 2; η should
rather be smaller in the case of BNS merger jet, as it can be
seen in Figure 1 (unless tb − tm ∼ t0 − tm).
In summary, η′ is found to take values as follows:
η′
{
∼ 0.5− 1 if βa = 0 (Collapsar jet case),
∼ 0.1− 0.5 if βa  0 (BNS merger jet case).
(53)
As a remark, for typical cases, naively assuming η ∼ 1 for
the case of BNS merger tends to incorrectly give a factor
of ∼ √2 times more collimation [i.e., ∼ √2 times more jet
head velocity, and hence much shorter breakout times; see
equations (35); (39); and (44)].
3.3 Time evolution of the jet propagation
3.3.1 BNS merger’s case
In Figure 2 we show results for the two models of jet prop-
agation in the BNS merger ejecta [T03-H and T13-H with
θ0 = 6.8
◦ (left) and 18.0◦ (right), respectively; see Table 1].
Three different quantities are shown (from top to bottom):
the jet head radius rh(t), the cocoon’s lateral width rc(t),
and the opening angle of the jet head θj(t). The calibra-
tion coefficient Ns has been used to calibrate the analytic
solution (with Ns = 0.46) and the semi-analytic solution
(with Ns = 0.75); the value of Ns is set so that the break-
out time in the analytic (or semi-analytic) solution matches
the breakout time in numerical simulations [refer to equa-
tion (10) and the explanation that follows]. Also, as noted
in Section 2.5.1, the different values of Ns are due to the
additional approximations in the analytic solution.
The time evolution of the analytic and the semi-analytic
jet head radius, rh(t), in Figure 2 shows a very good agree-
ment with simulations (within ∼ 10%). Analytic and semi-
analytic results hold fairly well for both models (T03-H and
T13-H) showing that the jet-cocoon model here works well
regardless of the initial jet opening angle θ0.
Figure 1. The fraction of the internal energy to the total energy
of the cocoon (top); and the parameters η (middle; the fraction
of the cocoon’s internal energy to the energy injected into the co-
coon) and η′ (bottom; the fraction of the cocoon’s internal energy
to the injected jet energy), as measured in our 2D simulations [see
equations (20) and (21)]. The red and dark red lines are for col-
lapsar jet models (models A and B in Table 1). The blue and dark
blue lines are for BNS merger models (models T03-H and T13-H
in Table 1).
The time evolution of the analytic and semi-analytic
cocoon’s lateral width rc(t) is also consistent with simula-
tions, especially for the case of small θ0 (within ∼ 10%; see
T03-H in Figure 2). For the case of large θ0 (T13-H), the
agreement with simulations is less significant, but roughly
within ∼ 30%, where rc(t) is slightly underestimated in the
analytic and semi-analytical model (relative to numerical
simulations).
In simulations, the jet head’s opening angle has been es-
timated by taking the average opening angle from r = 1
2
rh(t)
to r = rh(t) [see equation (34) in Hamidani et al. 2020]. This
average opening angle is compared with the analytic and
the semi-analytic jet opening angles in Figure 2. Except the
early time evolution of the jet opening angle, during which
the jet-cocoon is highly inhomogeneous in simulations [in
particular, in terms of entropy and Lorentz factor which are
used to discriminate the jet from the cocoon: for more de-
MNRAS 000, 1–15 (2019)
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Figure 2. Results for the case of BNS mergers showing the jet’s and the cocoon’s evolution over time, as measured in numerical
simulations (black dotted line with filled squares), and as inferred with the analytic (solid blue line) and the semi-analytic (solid red
line) solutions [see Sections 2.4 and 2.5.4]. The black dotted line in the top two panels shows the outer radius of the expanding ejecta.
From top to bottom, the jet head radius, the cocoon’s lateral width, and the jet opening angle relative to the initial opening angle, are
shown respectively. From left to right, results for the narrow jet case (model T03-H) and the wide jet case (model T13-H) are shown
respectively. We take Ns = 0.46 in the analytic solution, and Ns = 0.75 in the semi-analytic solution (see Section 2.5.1 and Table 1).
tails see Section 3.1.2 in Hamidani et al. (2020)], analytic
and semi-analytic jet opening angles are consistent with the
average opening angle in simulations within ∼ 30%.
3.3.2 Collapsar’s case
Figure 3 shows a comparison of the analytic and the semi-
analytic results with simulations for three quantities rh(t),
rc(t), and θj(t), in the same manner as in Figure 2 (and
Section 3.3.1), but for the collapsar jet case. We present
two models with different initial opening angles [A (left)
and B (right), with θ0 = 9.2
◦ and 22.9◦, respectively; see
Table 1]. The calibration coefficient is found as Ns = 0.38
for the analytic solution, and Ns = 0.53 for the semi-analytic
solution (see Section 2.5.1 for more details about the origin
of this difference). Although slightly larger, these values of
Ns are fairly consistent with those found by Harrison et al.
(2018), despite several differences in the jet-cocoon modeling
(such as for the jet-cocoon shape, 〈η′〉, etc.).
The analytic and the semi-analytic solutions for the
time evolution of the jet head radius, rh(t), show a clear
agreement with simulations (within ∼ 10–20%) for both
models (A and B). The same can be said about the time
evolution of the cocoon’s lateral width rc(t) (within ∼
10− 20%).
The time evolution of the average opening angle of the
jet head θj(t) in simulation can be divided into two phases;
with the first phase showing relatively large opening angles
and unstable behavior, and the second phase showing colli-
mated opening angles, and relatively a stable behavior. In
the first phase, the effects of the initial conditions are still
present. However, since this phase is relatively short, its con-
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Figure 3. Same as Figure 2 for the collapsar case, showing the results from numerical simulations (black dotted line with filled squares),
and results of the analytic (solid blue line) and the semi-analytic (solid red line) solutions [see Sections 2.4 and 2.5.5]. The horizontal
black dotted line in the top two panels shows the radius of the stellar envelope. From left to right, the results for the narrow jet case
(model A) and the results for the wide jet case (model B) are shown, respectively. We take Ns = 0.38 in the analytic solution, and
Ns = 0.53 in the semi-analytic solution (see Section 2.5.1 and Table 1).
Table 1. A subsample showing the simulated models and the corresponding parameters. From the left: The model name; the type of
jet (BNS merger or collapsar); the ambient medium’s mass; the jet initial opening angle; the engine’s isotropic equivalent luminosity
[Liso,0 =
2Lj
1−cos θ0 '
4Lj
θ20
] where Lj is the jet true luminosity (one sided); the inner radius at which the jet is injected in simulations;
the ambient medium’s outer radius at the start of the simulation; the maximum expansion velocity of the ambient medium; the time-
averaged value of η′ [see equation (22)] estimated from simulations (see Figure 1); the time-averaged value of χ(t) used in the analytic
solution [using equation (28); see Section 2.5.2]; the breakout time measured in numerical simulations; the inferred breakout time by the
analytic solution [using equation (44) for the BNS merger jet case, and equation (52) for the collapsar jet case], and by the semi-analytic
solution (see Section 2.4); The values of the calibration coefficient Ns are: 0.46 and 0.75 in the BNS merger case (for the analytic and the
semi-analytic solution, respectively), 0.38 and 0.53 in the collapsar case (for the analytic and the semi-analytic solution, respectively).
The density profile of the ambient medium in all models is approximated to power-law with the index n = 2 [see (iv) in Section 2.2].
Ma θ0 Liso,0 rin rm(t0) vm 〈η′〉 〈χ〉 tb − t0 [s] tb − t0 [s] tb − t0 [s]
(Semi-
Model Type [M] [deg] [erg s−1] [cm] [cm] [c] (Simulation) (Analytic) analytic)
T03-H BNS 0.002 6.8 5× 1050 1.2× 108 1.67× 109
√
3
5
1/4 1.25 0.221 0.203 0.231
T13-H BNS 0.002 18.0 5× 1050 1.2× 108 1.67× 109
√
3
5
1/4 1.48 0.429 0.456 0.408
A Collapsar 13.950 9.2 7.83× 1052 109 4× 1010 0 1/2 1.00 3.804 3.282 3.947
B Collapsar 13.950 22.9 1.27× 1052 109 4× 1010 0 1/2 1.00 9.930 11.137 9.681
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tribution to the jet structure and propagation, up to the
breakout, is limited. In the second phase, which represents
most of the jet propagation time, the jet head’s opening
angle in the analytic and semi-analytic solutions is, over-
all, consistent with the average opening angle in simulations
(well within ∼ 50%).
3.4 The cocoon pressure Pc
Figure 4 shows the average cocoon pressure in simulations
(measured throughout the cocoon’s grid in numerical sim-
ulations and volume-averaged) compared with the cocoon
pressure as inferred from our analytic and semi-analytic so-
lutions [see Section 2.4; and equation (34) in Section 2.5].
For both cases (BNS merger jet and collapsar jet), and for
both the analytic and the semi-analytic solutions, the time
evolution of the cocoon pressure up to the breakout is well
consistent with numerical simulations. This agreement indi-
cates that the modeling presented here is a good represen-
tation of the cocoon and its interaction with the jet and the
ambient medium.
Note that in the analytic solution, as the early uncolli-
mated jet phase is not taken into account, the cocoon pres-
sure diverges at t ∼ t0 due to the approximation in equation
(41). The semi-analytic solution shows no such anomaly.
3.5 Morphology of the jet-cocoon system
Figure 5 presents snapshots from our numerical simulations
showing the density map of the jet-cocoon system just before
its breakout out of the ambient medium. The four models
in Table 1 are shown for BNS mergers (top) and collapsars
(bottom).
The jet head radius and the cocoon’s lateral width, as
inferred from our semi-analytic solution, are also shown for
comparison with simulations (with a black filled square, and
two black filled circles, respectively). Also, the inferred jet-
cocoon morphology using the approximation of an ellipsoidal
shape is shown (with a solid black line) where the semi-major
axis is 1
2
rh and the semi-minor axis is rc.
In Figure 5, we see a clear similarity between the mor-
phology of the whole jet-cocoon system as inferred from our
modeling and numerical simulations. With rh being well con-
sistent with simulations, and the error on the cocoon’s lat-
eral width of the order of ∼ 20% [at r ∼ 1
2
rh(t)], it can
be claimed that our modeling can robustly give the cocoon
volume (within ∼ 50%). Together, with the modeling of the
cocoon pressure (see Section 3.4), we can conclude that all
aspects of the jet-cocoon system are fairly well reproduced
with our modeling.
4 CONCLUSION
In this paper we present a new jet-cocoon model. The model
is based on previous works of collapsar jet-cocoon modeling,
in particular, models in Matzner (2003); Bromberg et al.
(2011); Mizuta & Ioka (2013); Harrison et al. (2018). From
the analysis of jet propagation in numerical simulations over
a wide parameter range, the model has been generalized to
enable proper treatment of jet propagation in the case of
BNS merger where the ambient medium is expanding. For
each jet case, equations have been solved through numeri-
cal integration (semi-analytic solution), or analytically (an-
alytic solution) after adding some approximations (see Sec-
tion 2.5.1 and Section 2.5.2). Table 2 presents an overview
of previous works on the modeling of GRB-jet propagation,
and a comparison with this work. In summary, our results
can be summarized as follows:
(i) Comparisons with numerical simulations show that
our model’s results are in a clear agreement with numeri-
cal simulations (overall, within ∼ 20%). The time evolution
of the following quantities has been shown to be well con-
sistent with measurements from numerical simulations: the
jet head radius rh(t), the cocoon radius rc(t), the jet head
opening angle θj(t), and the cocoon pressure Pc (see Fig-
ures 2, 3 and 4). The cocoon’s morphology, and volume, as
inferred with our model are also consistent with numerical
simulations (see Figure 5). This is the first time that re-
sults from the modeling of jet propagation in an expanding
medium (as in BNS mergers) has been compared with nu-
merical simulations over such a large set of parameters, and
found consistent to such extent (see Table 1).
(ii) The results of our jet-cocoon model are proven to be
consistent with numerical simulations regardless of the jet
case (collapsar jet or BNS merger jet), and regardless of the
jet initial opening angle (see Figures 2, 3, 4, and 5).
(iii) In addition to the semi-analytic solution, where equa-
tions are solved through numerical integration, our model
offers an analytic solution, where equations are solved ana-
lytically after being approximated and simplified (see Sec-
tion 2.5). Still, we showed that, within certain conditions
(e.g., t0 − tm  tb − tm), the analytic solution’s results
are, almost, as consistent with numerical simulations as the
semi-analytic model’s results, despite being much simpler.
This analytic modeling, with its simplified but fairly robust
equations [e.g., equation (44) for the breakout time], is very
useful for further investigations; for instance, on the cocoon’s
cooling emission (Hamidani et al. in prep).
(iv) The composition of the cocoon energy has been mea-
sured for both jet cases (collapsar and BNS merger), thanks
to numerical simulations. Results show a clear contrast be-
tween the two cases; the cocoon energy in the case of a col-
lapsar jet is overwhelmingly dominated by internal energy,
while in the case of a BNS merger jet it is, rather, overwhelm-
ingly dominated by kinetic energy. This is the first time that
such difference has been revealed. As a result of this differ-
ence in internal energy, we showed that the parameter η [see
equation (18)] is much smaller (∼ 2 times) in the case of
BNS mergers than in the case of collapsars (see Figure 1).
Such difference has not been taken into account in previous
works although it substantially affects every aspect of the
jet propagation. Also, such difference in internal energy (in
the BNS merger case) is very important when estimating
the cooling emission of the cocoon; hence the importance of
this result (previously mentioned in Kimura et al. 2019).
It should be noted that the analytic modeling presented
here includes several limitations. The most important limi-
tation is that jets here are assumed as unmagnetized. Other
notable limitations are that effects from neutrinos, r-process,
viscous wind, general relativity, stellar rotation, stellar mag-
netic field, etc. have been overlooked for the sake of simplic-
ity. Future works are likely to update our results.
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Figure 4. The pressure of the cocoon Pc from the jet launch time t0 to the breakout time. The top two panels show two BNS merger
models (T03-H and T13-H, from left to right), and the bottom two panels show two collapsar models (A and B, from left to right;
see Table 1). The black dotted line with filled squares shows the average pressure in the cocoon as measured in numerical simulation.
The blue line shows the cocoon pressure according to the analytic model [equation (34)]. The red solid line shows the cocoon pressure
according to the semi-analytic model (calculated numerically; see Section 2.4).
Finally, it should also be noted that due to the lim-
ited computational resources, the numerical simulations pre-
sented here use the approximation of axial symmetric jets
(2D) and jets are injected at relatively larger radii. This may
result in some numerical artifacts. Therefore, results such
as; the value of Ns; and the overall agreement of ∼ 20%
between analytic results and numerical simulations; should
not be taken at face value. We expect these values to be up-
dated in the future once more refined numerical simulations
are available.
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APPENDIX A: ENERGY COMPOSITION OF
THE COCOON
The total energy of the cocoon can be written as:
Ec = Ei + Ek,in + Ek,0. (A1)
Ei is the internal energy remaining in the cocoon, out of
the energy injected by the central engine into the cocoon
(through the jet head). Ek,in is the part of the kinetic energy
of the cocoon that originates from the energy injected by the
engine into the cocoon (even if the injected energy by the
engine is in the form of internal energy, a part of it gets
converted into kinetic energy; inside the shocked jet, before
reaching the cocoon; or later, inside the cocoon, due to the
adiabatic expansion of the cocoon). These two energies (Ei
and Ek,in) summed up equal the total energy delivered by
the engine into the cocoon:
Ei + Ek,in = (t− t0)Lj(1− 〈βh〉). (A2)
Finally, Ek,0 is the kinetic energy initially carried by the
part of the ambient medium that became the cocoon. It can
be calculated with following integration:
Ek,0 =
∫
cocoon
(Γa − 1)ρadV. (A3)
Note that, Ek,0 = 0 in the collapsar case as the medium is
static.
The fraction of the internal energy in the cocoon has
been presented in Figure 1. Figure A1 offers more details by
showing the fraction of each of the three energies [in equation
(A1)], as measured from numerical simulations, and for each
of the four models (see Table 1 for the parameters of each
model).
As it can be seen from Figure A1, numerical simulations
show that, in the case of BNS merger jets, the energy contri-
bution of the initial kinetic energy of the ambient medium
(Ek,0) in the cocoon energy increases with time and is sub-
stantial at later times (t ∼ tb). This is because of the in-
creasing volume of the cocoon with time (since, Ek,0 ∝ Vc).
In the collapsar jet case, the situation is simpler as Ek,0 = 0.
In the case of BNS merger jets, the energy contribution
of both the internal energy (Ei) and the kinetic energy that
originates from the central engine (Ek,in) declines with time
(while it is constant over time in the collapsar jet case). This
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is due to two main reasons. First, the increasing contribution
of Ek,0 in Ec with time, which ends up lowering the share of
Ei and Ek,in in Ec. Second, the higher jet head velocity (in
the central engine frame) in the BNS merger jet case (rela-
tive to the collapsar jet case) [see equations (43) and (49)];
this implies that in the BNS merger jet case, and relative to
the collapsar jet case, the fraction of the energy injected by
the central engine that ends up in the cocoon is smaller, and
the energy that is contained inside the jet and never reaches
the cocoon is higher [〈βh〉 is higher in the BNS merger case
Ioka & Nakamura 2018 ∼ 2vm/c; see equation (A2)].
Another notable difference between the BNS merger jet
case and the collapsar jet case is the ratio Ei/Ek,in. In the
BNS merger jet case, Ei is comparable to Ek,in (and even
slightly smaller at t ∼ tb) while in the collapsar jet case
Ei is much higher than Ek,in (∼ 80% and ∼ 20%, respec-
tively). This can be explained by the continues expansion
of the medium in the BNS merger jet case, resulting in the
conversion of a substantial part of the internal energy Ei
into kinetic energy (into Ek,0). Roughly, it is estimated that
about half of the cocoon’s internal energy is lost with this
process.
To conclude, we showed, for the first time (to our best
knowledge), that the fraction of internal energy in the co-
coon, Ei/Ec, is much smaller in the case of BNS merger jet
(relative to the case of collapsar jet) due to following three
reasons: i) the increasing contribution of the initial kinetic
energy of the ambient medium, Ek,0/Ec, in the cocoon of a
BNS merger jet case; ii) the high jet head velocity (in the
frame of the central engine) in the BNS merger jet case; and
iii) the adiabatic expansion process in the cocoon of a BNS
merger jet case (due to continues expansion of the ambient
medium).
The fraction Ei/Ec is an important quantity as it
strongly affects the jet propagation by affecting the value
of η (and η′) [Bromberg et al. 2011], hence the importance
of these results.
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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Figure A1. Energy composition of the cocoon, from the jet launch time t = t0, to the jet breakout time t = tb, as measured from
numerical simulations. Ei/Ec is the fraction of the internal energy remaining in the cocoon (same as the previously presented in the
top panel of Figure 1), Ek,in/Ec is the fraction of the kinetic energy originating from the central engine in the cocoon (mostly injected
as internal energy, but later converted into kinetic energy), and Ek,0/Ec is the fraction of the kinetic energy that was initially carried
by the part of the ambient medium that became the cocoon (unlike Ek,in, it did not originate from the central engine) in the cocoon
[see equation (A1) and the explanation that follows]. The top two panels are for BNS merger jet models (from left to right, T03-H and
T13-H), and the bottom two panels are for collapsar jet models (from left to right, A and B). See Table 1 for more details about each of
the four models.
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